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ABSTRACT
It is shown that the ‘conservation law’ for metric fluctuations with long wavelengths
is indeed applicable for growing modes of perturbations, which are of interest in cos-
mology, in spite of a recent criticism (Grishchuk 1996). This is demonstrated both
by general arguments, and also by presenting an explicitly solvable toy model for the
evolution of metric perturbations during inflation.
Key words: cosmology:theory – large-scale structure of Universe
1 INTRODUCTION
The gauge-invariant theory of cosmological perturbations
(see Mukhanov, Feldman & Brandenberger (1992) for a
review) has been used successfully to calculate the origin
and evolution of metric and density perturbations in the
early universe. The most beautiful aspect of this approach is
that the evolution of metric perturbations with wavelengths
larger than the Hubble radius, where the growth in am-
plitude during inflation takes places, is characterized by a
simple conservation law
ζ =
2
3
Φ˙/H + Φ
1 + w
+ Φ = const., (1)
where Φ denotes the gauge-invariant generalized Newtonian
potential for scalar metric perturbations, w = p/ǫ the equa-
tion of state of the matter content, and H the Hubble pa-
rameter (Equ. (5.23) and (6.58) in Mukhanov et al. (1992)).
It should be noted though that this is valid only for per-
turbations in a universe with a spatially flat background
metric (i.e. K = 0), which was not stated after Equ. (5.23)
in Mukhanov et al. (1992). Therefore only the case K = 0
will be considered in this paper.
The growth of fluctuations in a universe with a de
Sitter-phase is apparent from (1), since w ∼ −1 during in-
flation leads to a small denominator for ζ such that the
amplitude of Φ has to increase considerably in order to keep
ζ constant as the universe exits inflation into a radiation
(w = 1/3) or matter dominated phase (w = 0).
Recently, there has been a criticism by Grishchuk (1996)
that the conservation of ζ is derived from an incorrect equa-
tion of motion for the cosmological perturbations and that
it is always zero in the limit of long wavelengths, in which
case no statement on the evolution of scalar metric pertur-
bations would be possible, as Φ could be multiplied by any
arbitrary factor without affecting the value of ζ.
In this paper we will show that the equation used in
deriving that ζ is constant in the long-wavelength limit is
indeed the correct one, and that furthermore ζ always takes
non-zero values for growing modes and can become zero
only for decaying ones. This will be exemplified by explicitly
constructing a toy model for which the evolution of metric
perturbations during inflation can be determined analyti-
cally. This is different from previously proposed toy models
for that purpose (Caldwell 1996) in which the equation for
the metric perturbations had to be integrated numerically.
Hence we show that the conservation law (1) is indeed a
useful relation to describe the evolution of metric pertur-
bations at large wavelengths. Note that earlier criticism by
Grishchuk (1994) has been refuted by Deruelle & Mukhanov
(1995) and by Caldwell (1996).
2 GENERAL REMARKS
The basic equation governing the time dependence of the
metric fluctuations Φ (Equ. (5.22) and (6.49) in Mukhanov
et al. (1992)) is a linear combination of the time-time and
space-space components of the linearized Einstein pertur-
bation equations expressed in terms of gauge-invariant vari-
ables. For the case of a universe with a single scalar field (φ
is its unperturbed background value) this equation reads
Φ′′ + 2
(
a
φ′
)
′
φ′
a
Φ′ + k2Φ + 2φ′
(
H
φ′
)
′
Φ = 0 (2)
for a Fourier mode with wavenumber k, where primes denote
differentiation with respect to conformal time, a the scale
factor, and H = a′/a. The conservation law (1) follows from
this with some simple algebra.
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Alternatively, fluctuations can be described by a linear
combination of the metric perturbations Φ and the gauge-
invariant scalar field perturbations δφ
v = a
(
δφ+
φ′
H
Φ
)
(Equ. (10.71) in Mukhanov et al. (1992); v is called µ and
ν in Grishchuk (1996)) which arises in the derivation of the
Lagrangian for the Einstein perturbation equations. Varying
the corresponding action gives the equation of motion
v′′ + k2v −
z′′
z
v = 0 (3)
for that variable, where z = aφ′/H. By taking advantage of
the equation for the evolution of the scalar field background
and the constraint equation for Φ, the relation between the
two gauge-invariant variables Φ and v can be brought in the
form
− k2Φ = 4piG
φ′2
H
(
v
z
)
′
(4)
(Equ. (13.7) in Mukhanov et al. (1992)) with Newton’s con-
stant G.
We expect that both Equ. (2) and Equ. (3) should yield
the same physical results for the evolution of cosmological
perturbations, i.e. it should be possible to go back and forth
between these two different ways to formulate the problem.
But as we substitute relation (4) between the two gauge-
invariant variables in (2) in an attempt to recover (3) we
actually end up with(
v′′ + k2v −
z′′
z
v
)
′
−
z′
z
(
v′′ + k2v −
z′′
z
v
)
= 0, (5)
an equation which admits more solutions than (3), from
which Grishchuk (1996) argues that the equation for the
metric perturbations Φ is the wrong one to begin with.
Here I would like to argue that (2) and (3) are still
equivalent. The problem is that in order to substitute (4) we
have to multiply the equation for Φ by k2 (or ∇2 in position
space), thus it is no surprise that we find more solutions
than we need. For that reason (5) is not equivalent to (2),
but to another equation
Φ′′ + 2
(
a
φ′
)
′
φ′
a
Φ′ + k2Φ + 2φ′
(
H
φ′
)
′
Φ = f(k) (6)
where the right-hand side is replaced by an arbitrary, pos-
sibly time-dependent function subject only to the condition
k
2f(k) = 0, e.g. a δ-function. So we need to check for each
of the three basic solutions of (5) whether their correspond-
ing Φ-modes give a zero or non-zero result on the right-hand
side of (6) and disregard the latter ones.
It is easy to determine that the full set of solutions of
(5) is
v(k, η) = C1v1(k, η) +C2v2(k, η) + C3
z
k
2
where v1 and v2 are the two linearly independent solutions
of the original equation (3) for v and η denotes conformal
time. Exploiting that v1 and v2 satisfy (3) we can rewrite
the relation between Φ and v as
Φi =
4piGH
a2
∫
viz dη + h(k), i = 1, 2 (7)
where h(k) is another arbitrary, potentially time-dependent
function satisfying k2h(k) = 0. Using this relation in (6) we
see that these two modes for Φ do indeed give zero on the
right-hand side as long as h(0) is zero or itself a solution of
the original equation (2) for Φ for k = 0, which means it
has to be a linear combination of Φ1 and Φ2 in that case.
(For k 6= 0 we already have h(k) = 0.) Since it does not
matter which linear combination we call the basic solutions
we can set h(k) = 0 in (7) without loss of generality. For the
third mode z/k2 of v we have to use the original relation
(4) to obtain a third mode Φ3 = h(k) for Φ, where again
we have some function with k2h(k) = 0. This mode will,
in general, produce a non-zero result on the right-hand side
of (6), unless, like before, it is a linear combination of the
other two modes for k = 0 when h(k) might be non-zero, in
which case it will not give any new information.
Thus it makes no difference whether we describe cos-
mological perturbations in terms of metric perturbations Φ
alone, or with the combined gauge-invariant variable v, as
we can map the solutions of (2) and (3) into each other with
relation (7) (and h(k) = 0). If we use this, we find after some
algebra that the conserved quantity in terms of v is simply
ζ =
v
z
, (8)
a result which is valid for any wavenumber k. As for long
wavelengths v = z is one obvious solution to (3) we see im-
mediately that there exist modes for which ζ is constant and
non-zero in that limit. The problem with the argument for
ζ = 0 in Grishchuk (1996) is that the limit k → 0 is not
taken consistently, otherwise the author would have recov-
ered (8) instead of ζ = 0 (see Caldwell (1996) and Salopek
(1996)).
By looking at the definition (1) of ζ we can strengthen
the previous result by showing that it must take non-zero
values for growing modes of the perturbations. For such
modes |Φ| has to increase with time since Φ characterizes the
deviation from the unperturbed background metric. That
means that we must have Φ˙ > 0 for Φ > 0 or Φ˙ < 0 for
Φ < 0, at least for some interval of time. Furthermore, the
equation of state starts out with w close to −1 and then in-
creases with time in realistic models of inflation, such that
1+w > 0. Since the Hubble parameter is always positive, we
see immediately from (1) that ζ must take a non-zero value
during the time interval in question. But by its constancy
in the long-wavelength limit this means that ζ 6= 0 for all
times for growing modes of metric perturbations. The only
chance for ζ to become zero is for decaying modes where
|Φ| decreases and Φ and Φ˙ have opposite signs. But their
contribution to the evolution of fluctuations is negligible.
The situation when the equation of state is constant,
e.g. after inflation ended, requires a separate discussion,
since a growing mode does not exist in this case. Indeed,
for w = const. the differential equation for metric fluctua-
tions in a spatially flat universe has the general solution
Φ = c1 + c2 exp
(
−
5 + 3w
2
∫
H dt
)
,
where c1 and c2 are arbitrary constants, such that the dom-
inant mode is constant instead of growing. (The fastest way
to actually derive this solution is to use the conservation law
(1).) But the conserved quantity becomes now
c© 0000 RAS, MNRAS 000, 000–000
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Figure 1. The double well potential (9) plotted in rescaled units
as l2V/b2 versus lφ. Initial conditions for the scalar field are such
that it asymptotically approaches the central maximum as t →
∞.
ζ = c1
(
1 +
2
3
1
1 +w
)
,
hence ζ is still non-zero if the dominant mode is present (i.e.
if c1 6= 0).
A simple, exactly solvable toy model will further exem-
plify the case with inflation and varying w.
3 THE TOY MODEL
In the toy model, we use chaotic inflation with a simple, real
scalar field φ in a spatially flat universe with zero cosmolog-
ical constant. The potential is a double well of the form
V (φ) = b2
[(
3l
4
)2
φ4 −
1
2
φ2
]
(9)
with l2 = 8piG/3 and b > 0 an arbitrary parameter (see
Fig. 1). The time evolution of the scalar field during inflation
with this potential can not be solved for explicitly, unless we
impose the special initial conditions
φ(ti) = φi, φ˙(ti) = φ˙i
!
= −bφi (10)
at the beginning of inflation. Then we find (e.g. with
Equ. (6.9) and (6.10) in Mukhanov et al. (1992))
φ(t) = φie
−b(t−ti)
and for the Hubble parameter
H =
3bl2φi
2
4
e−2b(t−ti), (11)
both simple exponential decays.
It should be pointed out that initial conditions (10)
involve serious fine-tuning as we give the scalar field just
enough kinetic energy to asymptotically roll up the central
maximum of the potential. In this toy model, the potential
will not end up in one of the minima of the potential.
The equation of state evolves as
w =
(
4
3lφi
)2
e2b(t−ti) − 1,
so in order to get a sufficient amount of inflation at early
times we have to require(
3lφi
4
)2
≫ 1. (12)
Using the Hubble parameter (11) we see that this condition
is equivalent to 1/b≫ 1/H for times close to ti, i.e. the time
scale of change of the scalar field is much larger than the
Hubble time. Thus (12) is just a slow rolling condition for
the initial evolution of the scalar field.
Note though that in this scenario w does not approach
a finite value, like 0 or 1/3, but keeps growing indefinitely.
This is caused by both the pressure and energy density of the
scalar field approaching zero at late times, but in such a way
that their ratio tends to infinity. In a realistic model of infla-
tion we should also consider the presence of matter and/or
radiation which will dominate pressure and energy density
at late times when the contribution from the scalar field has
fallen off to low values, with w approaching the level typical
for matter and/or radiation. Hence the indefinite growth of
the equation of state in this model just indicates that it is
useful only up to a certain time. The slow rolling condition
(12) ensures that the model is applicable long enough to get
a sufficient amount of inflation.
4 METRIC PERTURBATIONS IN THE TOY
MODEL
The time evolution of the gauge-invariant generalized New-
tonian potential Φ, which characterizes scalar metric pertur-
bations, is governed by Equ. (2). It is hard to solve in gen-
eral, but proper substitutions reduce this differential equa-
tion to a confluent hypergeometric one in our case. That
way, two linearly independent base solutions in the long-
wavelength limit are found as (using the relations and series
expansions for confluent hypergeometric functions from Sec-
tion (13.1) in Abramowitz & Stegun (1965))
Φ = τeτ (13)
and
Φ = 1 + τ
[
eτ (γ + ln τ )−
∞∑
k=1
τk
k!
k∑
ν=1
1
ν
]
(14)
with the abbreviation
τ =
3l2φi
2
8
e−2b(t−ti)
and Euler’s constant γ (see Fig. 2). The general solution is
then a linear combination of (13) and (14).
Clearly, (13) is a decaying mode, and therefore of not
much importance in the evolution of fluctuations, whereas a
discussion of (14) shows that Φ > 0 and Φ˙ > 0 for this base
solution, hence it is a growing mode. Taking the two modes
(13) and (14), a straightforward calculation of the conserved
quantity (1) then shows ζ = 0 for the decaying mode, but
ζ = 1 for the growing one.
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Figure 2. Time evolution of gauge-invariant metric perturbations
Φ for the decaying mode (13) and the growing mode (14) as a
function of b (t − ti). 3l
2φi
2/8 = 10 has been chosen for this plot.
The decaying mode is finite at t = ti and tends to infinity as
t→ −∞, whereas the growing mode approaches zero for t→ −∞.
5 CONCLUSIONS
The ‘conservation law’ (1) for cosmological perturbations
indeed is a useful relation describing the growth of fluctua-
tions of the metric in the long-wavelength limit outside the
horizon, and it is derived from the correct equations of mo-
tion. It has been shown that the important growing modes
always yield a non-zero value for the conserved quantity ζ,
both on general grounds and in an explicitly solvable toy
model. The situation ζ = 0, when (1) can not be used to
make any statement on the growth of metric perturbations
in the long-wavelength limit, can occur only for decaying
modes, which do not play a significant roˆle in the evolution
of cosmological perturbations.
After completion of this work a preprint appeared (Mar-
tin & Schwarz 1997) in which similar conclusions concerning
the validity of Grishchuk (1996) are reached.
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